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The problem of reflection of P-wave and SV-wave on the boundary of a half-space of
homogeneous, isotropic generalized thermoelastic medium have been investigated when
the boundary is stress-free as well as insulated or isothermal. Green–Nagdhi theory of
generalized thermoelasticity has been applied to determine the amplitude ratios of the
various cases that arise in the situation. Finally, analysis of the results are made with
graphical representations.
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1. Introduction
In Biot [1] theory of classical thermoelasticity (CTE) the equation of motion is hyperbolic in nature, whereas the heat
conduction equation is parabolic in nature; as such, CTE predicts a finite speed for predominantly elastic disturbances but
an infinite speed for predominantly thermal disturbances, which are coupled together. This may be interpreted as that a
part of every solution of the equation extends to infinity. Obviously, this result is physically unrealistic since experimental
investigations conducted on various solids by Ackerman and Overton [2], Von-Gutfeld and Nethercot [3], Guyer and
Krumhansi [4], Taylor et al. [5], Rogers [6] and Jackson and Walker [7], Narayanamurti and Dynes [8] for example, have
shown that heat pulses do propagate with finite speed. In order to remove this paradox various models are proposed by
different researchers where hyperbolic type heat transport equations are incorporated, and the theories become realistic.
To mention a few Lord and Shulman [9] proposed a generalized extended theory of thermoelasticity (ETE) by incorporating
a flux-rate term into Fourier’s law of heat conduction which become hyperbolic type heat transport equation admitting
finite speed of thermal signals. Green and Lindsay [10] developed temperature rate dependent thermoelasticity (TRDTE)
theory by introducing relaxation time factors that do not isolate the classical Fourier law of heat conduction and this theory
also predicts finite speed for heat propagation. Another theoretical model on this subject is due to Green and Nagdhi [11,
12] who provide sufficient basic modifications in the constitutive equations that permit treatment of a much wider class of
heat flow problems. In [11,12] the authors employ a procedure which makes use of a general entropy balance. This entropy
balance was first postulated by them in [13]. The usual frequently adopted procedures in thermodynamics make use of
an inequality such as the Clausius–Duhem or a similar inequality. The basis of the general validity has been strengthened
in their work [14]. It has been pointed out by them in [11] that the basic development on the subject is quite general, the
∗ Corresponding author.
E-mail address: lahiriabhijit2000@yahoo.com (A. Lahiri).
0898-1221/$ – see front matter© 2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.camwa.2008.05.042
2796 N.C. Das et al. / Computers and Mathematics with Applications 56 (2008) 2795–2805
Fig. 1.
particular application studied therewas confined to the flow of heat in a stationary rigid solid transmitted by conduction and
by heat pulses propagated as thermal waves at finite speed. Green and Naghdi [11], by including the ‘‘thermal displacement
gradient’’ among the independent constitutive variables, developed three models for rigid, homogeneous and isotropic
materials, which are labeled as models I, II, and III. The nature of these models for the constitutive equations are such that
when the respective theories are linearized, model I is reduced to the classical heat conduction theory (based on Fourier’s
law). The models II and III admit finite wave speed for heat flow in rigid solids. Model II, in [12] in particular, exhibits
a feature that is not present in the other established thermoelastic models, as it does not sustain dissipation of thermal
energy. Reference [12] includes the derivation of a complete set of the governing equations of linearized version of the
theory in terms of displacement and temperature fields and a proof of the uniqueness of the solution for the corresponding
initial boundary value problem. Following these generalized theories a host of papers of different nature are being published
exhibiting thermoelastic interactions. So far as the authors are aware very few papers are published where the reflection of
waves in a half-space are concerned by following the generalized theory of thermoelasticity vide, Sinha and Elsibai [15,16].
Sharma et al. [17] considered the titled problem of reflection of thermoelastic waves at (i) a stress free thermally
insulated/isothermal boundary (ii) a rigidly fixed thermally insulated/isothermal boundary for Green–Naghdi model [12],
L–S model [9], and G–L model [10] of generalized thermoelasticity and calculated the coefficient ratios. The ratios of (i)
reflected P-wave, SV-wave and thermal wave with incident P-wave; as also the ratios of (ii) reflected SV-wave, P-wave,
and thermal wave with incident SV-wave are calculated in terms of the roots of two auxiliary equations governing the
partial differential equations of the field variables. The results obtained are discussed with graphs. The angles of incident
and reflection P-, SV-, and thermal waves with the normal to the half space have not been considered in this method.
In this paper we have investigated the problem of reflection of thermoelastic wave from an insulated and isothermal
stress-free boundary of a solid half space in the context of Green and Nagdhi [12] model II of generalized thermoelasticity.
We preferred to study the problem by specifying the angles of incidence and reflections with the normal to the half-space.
The necessary relations of the angles with one another along with magnitudes of the angles are calculated. Hence a clear
geometrical presentation has been possible for the problem. Thus, the theoretical development for the expression of the
‘critical angle’ and role of thermal field in it has been envisaged suitably in the observations of results-section. The amplitude
ratios for different cases have been presented graphically. However, the nature of the graphs presented in this paper have
deviations with the corresponding graphs depicted in Sharma et al. [17].
2. Formulation of the problem
Let the origin of the rectangular Cartesian coordinate system be fixed at a point on the boundary of the half-space with
z > 0 axis directed normally inside the medium with x-axis along the horizontal direction. y-axis is taken in the direction
of the line of intersection of the plane wave front with the plane surface (as in the Fig. 1).
If we restrict our analysis to plane strain in the xz-plane, then all the field variables may be taken as functions of x, z
and t . Hence the displacement vector Eu may be taken as [u(x, z, t), 0, w(x, z, t)]. Following Green and Nagdhi theory of
generalized thermoelasticity [12] the equations of motion, heat conduction equation and the stress–strain relations, in the
absence of body forces and heat sources, are given by
µ∇2Eu+ (λ+ µ) E∇( E∇.Eu)− γ E∇θ = ρ E¨u (1)
ρcθ¨ + γ To E∇.E¨u = k∗∇2θ (2)
T = λ(div Eu)I + µ( E∇Eu+ E∇ E∇Eut)− γ θ I (3)
where λ, µ are Lame’s constants, γ = (3λ + 2µ)B∗, B∗ is the coefficient of volume expansion, k∗(>0) is the characteristic
constant of the medium, ρ, c are, respectively, the mass density and specific heat at constant strain, To is the reference
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temperature, and T is the stress tensor, t stands for the transpose of a matrix, and I is a (3 × 3) unit matrix. The system
of equations (1) and (2) are hyperbolic in nature and as such both the elastic and thermal disturbances propagate in the
medium with finite speed.
In order to non-dimensionalize the system of equations (1)–(3) we introduce the following quantities,
x/ = x
`
, z/ = z
`
, t/ = vt
`
, θ / = θ
To
u/ = (λ+ 2µ) u
`γ To
, w/ = (λ+ 2µ)w
`γ To
, τ
/
ij =
τij
γ To
(4)
where `, v represent, respectively, the standard length and speed. Introducing (4) in the Eqs. (1)–(3) and suppressing the
primes, we obtain
C22∇2Eu+
(
C21 − C22
) E∇( E∇.Eu)− C21 E∇θ = E¨u (5)
C23∇2θ − θ¨− ∈ E∇.E¨u = 0 (6)
τij =
(
1− 2C
2
2
C21
)
div Euδij + 2C
2
2
C21
eij − θδij (7)
where
C21 =
λ+ 2µ
ρv2
, C22 =
µ
ρv2
, C23 =
K ∗
ρcv2
, ∈= γ
2To
ρc(λ+ 2µ) . (8)
Let us consider a decomposition of the displacement vector of the form
Eu = gradφ + curl Eψ, div Eψ = 0 (9)
where φ and Eψ are thermoelastic potential functions. Substituting (9) in (5) and (6) we obtain
C22∇2( E∇φ + E∇ × Eψ)+
(
C21 − C22
) E∇ [ E∇.( E∇φ + E∇ × Eψ)]− C21 E∇θ = ( E∇φ¨ + E∇ × E¨ψ)
C23∇2θ − θ¨− ∈ E∇.
( E∇φ¨ + E∇ × E¨ψ) = 0.
The above equations can be written as
E∇ [C21∇2φ − C21 θ − φ¨]+ E∇ × [C22∇2 Eψ − E¨ψ] = 0 (10)
C23∇2θ − θ¨− ∈ ∇2φ¨ = 0. (11)
Eq. (10) will be satisfied if
∇2φ − 1
C21
φ¨ = θ (12)
and ∇2 Eψ − 1
C22
E¨ψ = E0. (13)
We see that SV-wave remains unaffected, while the P-wave is affected in the presence of thermal field.
Substituting the value of θ from (12) in (11) we obtain the following equation for the potential φ due to P-wave in xz-
plane.
C21C
2
3∇4φ −
[
C21 (1+ ∈)+ C23
]∇2 ∂2φ
∂t2
+ ∂
4φ
∂t4
= 0. (14)
Choosing Eψ = (0, ψ, 0), the potential ψ correspond to the displacement in the x–z plane due to SV-wave as
∇2ψ = 1
C22
ψ¨. (15)
The displacement and stress components in terms of potential functions can be written as
u = ∂φ
∂x
− ∂ψ
∂z
, v = 0, w = ∂φ
∂z
+ ∂ψ
∂x
τzz =
(
∂2φ
∂x2
+ ∂
2φ
∂z2
)
+ 2C
2
2
C21
(
∂2ψ
∂x∂z
+ ∂
2φ
∂x2
)
− θ
τzx = C
2
2
C21
(
2
∂2φ
∂x∂z
+ ∂
2ψ
∂x2
− ∂
2ψ
∂z2
)
. (16)
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For plane P-wave propagating in the x/-direction (as shown in Fig. 1) we have
φ = Aei(Kx/−ωt). (17)
Now x/ can be calculated as x/ = x sin θ − z cos θ , where θ is the angle of incidence with the normal to the surface.
Thus, φ becomes
φ = Aei{K(x sin θ−z cos θ)−ωt}. (18)
Substituting (17) in (14), we get the quadratic equation in K 2 as
C21C
3
3K
4 − [C21 (1+ ∈)+ C23 ]ω2K 2 + ω4 = 0. (19)
Solving this equation, we get the two roots K 21 and K
2
2 as
K 21 = p2ω2 and K 22 = q2ω2 (20)
where
p2, q2 = 1
2C21C
2
3
[{
(1+ ∈)C21 + C23
}∓√M]
and
M = [(1+ ∈)C21 + C23 ]2 − 4C21C23 . (21a)
On rearrangement of terms, the expression forM can be written as
M = [(1+ ∈)C21 − C23 ]2 + 4εC21C23 .
Since the coupling factor ε > 0,M is positive, therefore the roots p2 and q2 are real and distinct. If further∈ = 0 (uncoupled
thermoelasticity), we get
p2 = 1
C21
and q2 = 1
C23
. (21b)
Thus, we see that while K1 corresponds to modified longitudinal P-wave, K2 corresponds to a thermal wave.
In the same way we can also write down the solution of the Eq. (15) as
ψ = BeiK3(x sin θ−z cos θ)−iωt
where K 23 =
ω2
C22
. (22)
Case I: Plane P-wave incident upon a plane surface
In view of the results of the preceding section we take our incident P-wave as in Fig. 2.
Let the suffix i and r represent incident and reflected wave, respectively. Omitting the term e−iωt , we write
φi = A3eiK1(x sin θo−z cos θo) (23)
φr = A4eiK1(x sin θ1+z cos θ1) + A2eiK2(x sin θ2+z cos θ2) (24)
ψr = A6eiK3(x sin θ3+z cos θ3). (25)
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Since φ = φi + φr , θr can now be calculated from Eq. (12) as
θr = b1A2eiK2(x sin θ2+z cos θ2) + b2A3eiK1(x sin θo−z cos θo) + b3A4eiK1(x sin θ1+z cos θ1) (26)
where
b1 =
(
ω2
C21
− K 22
)
= K 22
(
1
C21 q2
− 1
)
and
b2 = b3 = ω
2
C21
− K 21 = K 21
(
1
C21p2
− 1
)
.
The displacement and stress components can now be obtained by changing
φ = φi + φr , ψ = ψr and θ = θr (27)
in Eq. (16).
Reflection at stress-free surface
The boundary conditions are given by
τzz = τzx = ∂θ
∂z
+ hθ = 0 at z = 0 (28)
where h→ 0 corresponds to the thermally insulated boundary and h→∞ to the isothermal one.
Using the Eqs. (23)–(27), we calculate the stress from the Eq. (16), and then using the boundary conditions (28) we get,
− [A3K 21 eiK1x sin θo + A4K 21 eiK1x sin θ1 + A2K 22 eiK2x sin θ2]+ 2δ2 [−A6K 23 sin θ3 cos θ3eiK3x sin θ3
+ A3K 21 sin2 θoeiK3x sin θo + A4K 21 sin2 θ1eiK3x sin θ1 + A2K 22 sin2 θ2eiK2x sin θ2
]
− [b1A2eiK2x sin θ2 + b2A3eiK1x sin θo + b2A4eiK1x sin θ1] = 0 (29)[
A3K 21 sin 2θoe
iK1x sin θo − A4K 21 sin 2θ1eiK1x sin θ1 − A2K 22 sin 2θ2eiK2x sin θ2
]+ A6K 23 cos 2θ3eiK3x sin θ3 = 0 (30)
i
[
b1A2K2 cos θ2eiK2x sin θ2 − b2A3K1 cos θoeiK1x sin θo + b2A4K1 cos θ1eiK1x sin θ1
]
+ h [b1A2eiK2x sin θ2 + b2A3eiK1x sin θo + b2A4eiK1x sin θ1] = 0 (31)
where δ2 = C22
C21
.
In order that (29)–(31) might hold for all values of x, left hand side of all these equations should be independent of x. This
is satisfied if
K1 sin θo = K1 sin θ1 = K2 sin θ2 = K3 sin θ3. (32)
This equation implies that
sin θo = sin θ1 = K2K1 sin θ2 =
K3
K1
sin θ3
or, sin θo = sin θ1 = qp sin θ2 =
1
C2p
sin θ3
∴ θo = θ1, and p sin θo = q sin θ2 = 1C2 sin θ3. (33)
In absence of thermal field
θo = θ1 and sin θoC1 =
sin θ3
C2
(34)
which is Snell’s law.
Using (32) we see that Eqs. (29)–(31) represent three linear homogeneous equations in the four unknowns A2, A3, A4 and
A6. Hence we prefer to solve them in terms of the ratios of the amplitudes A2/A3, A4/A3 and A6/A3 of the waves as follows:
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2.1. Incident of P-wave at stress-free thermally insulated boundary (h→ 0)
The Eqs. (29)–(31), after reviewing through the conditions (32) and (33) and taking h→ 0, may be written in the form[a11 a12 a13
a21 a22 a23
a31 a32 0
][A2/A3
A4/A3
A6/A3
]
=
[−a12
a22
a32
]
(35)
where,
a11 = 2δ2 sin2 θ2 − 1C21 q2
, a12 = 2δ2 sin2 θ1 − 1C21p2
, a13 = − 1C22p2
δ2 sin 2θ3,
a21 = q
2
p2
sin 2θ2, a22 = sin 2θ1, a23 = − 1C22p2
cos 2θ3,
a31 = q
3
p3
(
1
C21 q2
− 1
)
cos θ2, a32 =
(
1
C21p2
− 1
)
cos θ1. (36)
Solving the Eq. (35), we get
A2
A3
= 1
∆
[
2
(
2δ2 sin2 θ1 − 1C21p2
)(
1− 1
C21p2
)
cos θ1 cos 2θ3
C22p2
]
(37)
A4
A3
= 1+ 2
∆
[(
2δ2 sin2 θ1 − 1C21p2
)
cos 2θ3
C22p2
− q
3
p3
(
1
C21 q2
− 1
)
cos θ2
]
(38)
A6
A3
= 2
∆
(
2δ2 sin2 θ1 − 1C21p2
)[
q3
p3
(
1
C21 q2
− 1
)
sin2θ1 cos θ2 −−q
2
p2
sin 2θ2 cos θ1
(
1
C21p2
− 1
)]
(39)
where
∆ = q
3
p3
cos θ2
(
1− 1
C21 q2
)[
1
C22p2
cos 2θ3
(
2δ2 sin2 θ1 − 1C21p2
)
− sin 2θ1 sin 2θ3
C21p2
]
+
(
1− 1
C21p2
)
cos θ1
[
−
(
2δ2 sin2 θ2 − 1C21 q2
)
cos 2θ3
C22p2
+ q
2
p2
sin 2θ2 sin 2θ3
C21p2
]
. (40)
In the absence of the thermal field we get from Eqs. (21b) and (34) that
p2 = 1
C21
, and sin θ3 = C2C1 sin θo (41)
and hence the ratios of the amplitudes became
A2
A3
= 0; A4
A3
= δ
2 sin 2θo sin 2θ3 − cos2 2θ3
δ2 sin 2θo sin 2θ3 + cos2 2θ3
A6
A3
= − 2 sin 2θ1 cos 2θ3
sin 2θo sin 2θ3 + 1δ2 cos2 2θ2
. (42)
Eq. (42) are in complete agreement with the corresponding equations as in Achenbach [18].
2.2. Incident of P-wave at a stress free Isothermal boundary (h→∞)
In this case the amplitude ratios can be written as
A2
A3
= − 1
∆
[
2δ2 sin 2θ3 sin 2θ1
] · (1− C21p2
1− C21 q2
)
(43)
A4
A3
= −1+ 1
∆
[
2δ2 sin 2θ3 sin 2θ1
]
(44)
A6
A3
= 2C
2
2p
2 sin 2θ1
∆
[(
2δ2 sin θ1 − 1C21p2
)
−
(
2δ2 sin2 θ2 − 1C21 q2
)
×
(
1− C21p2
1− C21 q2
)]
(45)
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where
∆ =
[
− cos 2θ3
(
2δ2 sin2 θ1 − 1C21p2
)
+ δ2 sin 2θ1 sin 2θ3
]
−
(
1− C21p2
1− C21 q2
)[
− cos 2θ3
(
2δ2 sin2 θ2 − 1C21 q2
)
+ δ
2q2
p2
sin 2θ2 sin 2θ3
]
. (46)
In the absence of the thermal field Eq. (41) hold, and using (41), the amplitude ratios are calculated which become
identical with Eq. (42).
Case II: Plane SV-wave incident upon a plane surface
We now consider the reflection of a plane SV-wave for similar conditions on the boundary as in the preceding section.
2.3. SV-wave incident upon a stress free thermally insulated surface (h→ 0)
In this case, as in Fig. 3, we take the incident SV-wave ψi as (omitting the term e−iωt ).
ψi = A5eiK3(x sin θo−z cos θo).
Reflected SV, P and thermal waves are taken as
ψr = A6eiK3(x sin θ1+z cos θ1)
φr = A4eiK1(x sin θ2+z cos θ2) + A2eiK2(x sin θ3+z cos θ3)
θr = b2A4eiK1(x sin θ2+z cos θ2) + b1A2eiK2(x sin θ3+z cos θ3). (47)
The stress on plane z = constant are
τzz =
(
∂2φ
∂x2
+ ∂
2φ
∂z2
)
+ 2δ2
(
∂2ψ
∂x∂z
− ∂
2φ
∂x2
)
− θ
τzx = δ2
(
2
∂2φ
∂x∂z
+ ∂
2ψ
∂x2
− ∂
2ψ
∂z2
)
(48)
where ψ = ψi + ψr .
Since the boundary conditions (28) are to be satisfied when h→ 0, we use the Eqs. (47) and (48) in (28) to get a system
of linear equations for the amplitude ratios as follows:
q2
(
2δ2 sin2 θ3 − 1C21 q2
)(
A2
A5
)
+ p2
(
2δ2 sin2 θ2 − 1C21p2
)(
A4
A5
)
− 1
C21
sin 2θ1
(
A6
A5
)
= − 1
C21
sin 2θo
−q2 sin 2θ3
(
A2
A5
)
− p2 sin 2θ2
(
A4
A5
)
+ 1
C22
cos 2θ1
(
A6
A5
)
= − 1
C22
cos 2θo
q3
(
1
C21 q2
− 1
)
cos θ3
(
A2
A5
)
+ p3
(
1
C21p2
− 1
)
cos θ2
(
A4
A6
)
= 0 (49)
where we have used the relations
K1 sin θ2 = K2 sin θ3 = K3 sin θo = K3 sin θ1. (50)
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Solving the Eq. (49) we get
A2
A5
= 1
∆
[
p3
C21C
2
2
sin 4θ1 cos θ2
(
1
C21p2
− 1
)]
A4
A5
= −1
∆
[
p3
C21C
2
2
sin 4θ1 cos θ2
(
1
C21p2
− 1
)]
A6
A5
= −1+ 2
∆
[
sin 2θ1
C21
{
q2p3
(
1
C21p2
− 1
)
sin 2θ3 cos θ2 − p2q3
(
1
C21 q2
− 1
)
sin 2θ2 cos θ3
}]
where
∆ = q3
(
1
C21 q2
− 1
)
cos θ3
[
p2
(
2δ2 sin2 θ2 − 1C21p2
)
cos 2θ1
C22
+ p
2
C21
sin 2θ2 sin 2θ1
]
− p3
(
1
C21p2
− 1
)
cos θ2
[
q2
(
2δ2 sin2 θ3 − 1C21 q2
)
cos 2θ1
C22
− q
2
C21
sin 2θ3 sin 2θ1
]
. (51)
In absence of thermal field, Eq. (51) become
A2
A5
= 0; A4
A5
= 2 sin 2θ1 cos 2θ1
δ2 sin 2θ2 sin 2θ1 + cos2 2θ1
A6
A5
= δ
2 sin 2θ1 sin 2θ2 − cos 2θo cos 2θ1
cos2 2θo + δ2 sin 2θ1 sin 2θ2 . (52)
Eq. (52) are in complete agreement with the corresponding equations in Achenbach [18] in different notations.
2.4. SV-wave incident upon a stress-free isothermal surface (h→∞)
In this case the amplitude ratios can be calculated in the same way as in the selection C by using the Eqs. (47), (48) and
the boundary conditions (28) when h→∞.
They are as follows:
A2
A5
= 1
∆
[
2
C21C
2
2
(
1− C21p2
1− C21 q2
)
sin 2θ1 cos 2θ1
]
A4
A5
= 1
∆
[
− 2
C21C
2
2
sin 2θ1 cos 2θ1
]
A6
A5
= 1
∆
[
−
{
p2
C22
(
2δ2 sin θ2 − 1C21p2
)
cos 2θ1 + p
2
C21
sin 2θ1 sin 2θ2
}
+
(
1− C21p2
1− C21 q2
){
q2
C22
(
2δ2 sin2 θ3 − 1C21 q2
)
cos 2θ1 + q
2
C21
sin 2θ1 sin 2θ3
}]
where
∆ =
[
p2
C22
cos 2θ1
(
2δ2 sin2 θ2 − 1C21p2
)
− p
2
C21
sin 2θ1 sin 2θ2
]
−
(
1− C21p2
1− C21 q2
)[
q2
C22
cos 2θ1
(
2δ2 sin2 θ3 − 1C21 q2
)
− q
2
C21
sin 2θ1 sin 2θ3
]
. (53)
In the absence of the thermal field these Eq. (53) become identical with Eq. (52).
3. Some observations of the results
1. We note that the amplitude ratios are independent of the wave length of the incident wave but dependent only on the
angle of incidence θo (Eq. (33) and (50) need to be used) and the material constant δ.
2. In case of Sections 2.1 and 2.2, for normal incidence (θo = 0) we obtain
(a) For insulated boundary
(i) A2A3 and
A4
A3
assume negative values
(ii) A6A3 = 0 (A6 = 0, A3 6= 0).
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Thus, the incident tensional P-wave is reflected as compressional P-wave and thermal wave; or incident
compressional P-wave is reflected as tensional P-wave and thermal wave.
(b) For isothermal boundary
(i) A2A3 =
A6
A3
= 0(A3 6= 0, A2 = A6 = 0)
(ii) A4A3 assume negative values.
Thus, incident tensional P-wave is reflected as compressional P-wave or compressional P-wave is reflected as
tensional P-wave.
3. From Sections 2.3 and 2.4, we observe that for normal incident wave (θo = 0), and for both the cases of insulated and
isothermal boundaries:
A2
A5
= A4
A5
= 0, A6
A5
= −1.
which implies that for incident normal tensional (or compressional) SV-wave, the reflected wave is compressional (or
tensional) SV-wave.
We now consider the most interesting case namely, the case of total reflection beyond the critical angle. From (50), we
get,
K1 sin θ2 = K3 sin θo and K2 sin θ3 = K3 sin θo.
Hence from (47) we get,
φr = A4eiK1(x sin θ2+z cos θ2) + A2eiK2(x sin θ3+z cos θ3)
= A4eiK3x sin θo+iz
√
K21−K23 sin2 θo + A2e
iK3x sin θo+izK2
√
1− K
2
3
K22
sin2 θo
= A4e
iK3
[
x sin θo+z
√
K21
K23
−sin2 θo
]
+ A2e
iK3
[
x sin θo+z
√
K22
K23
−sin2 θo
]
= A4eiK3
[
x sin θo+z
√
p2C22−sin2 θo
]
+ A2eiK3
[
x sin θo+z
√
q2C22−sin2 θo
]
.
Since p < q; p2C22 < ·q2C22 and when θo (0 ≤ θo ≤ pi/2) increases, sin θo increases to the value pC2 first.
If sin θo = pC2 = sin θC , then θo = θC is called the critical angle. For θo > θC , the factor (p2C22 − Sin2θ0) becomes
imaginary. The critical angle θC for the elastic case is obtained when p = 1C1 , i.e, θC =
C2
C1
., as in [18].
Thus, in the presence of the thermal field, the value of the critical angle increases or decreases according as p > or < 1C1 .
When sin θo > pC2 < qC2, then
φr =
(
A4e−K3z
√
sin2 θo−p2C22 + A2e−K3z
√
sin2 θo−q2C22
)
.eiK3x sin θo .
Thus, the thermal part and elastic part of the reflected P-wave propagates horizontally in the x-direction whereas its
amplitude decays exponentially with depth.
4. Numerical results
We now proceed to depict a few graphs of the different amplitude ratios when the angle of incidence varies in the range
(0 < θo < pi/2) and (0 < θo < θc) for the incident P-wave and SV-wave, respectively. As such, as in [13], we choose the
following set of values for the material parameters of aluminium–epoxy composite.
λ = 7.59× 1011 dyn/cm2, µ = 1.89× 1011 dyn/cm2
ρ = 2.19 gm/cm3, ∈= 0.073.
Choosing v2 = λ+2µ
ρ
and K ∗ = C(λ+2µ)4 ,we get from (8): C1 = 1, C2 = 0.4077 and C3 = 0.5. With these values, we have
drawn several graphs showing the variation of values of the amplitude ratios in each case in the following way:
Fig. 4(a)–(c) show the variation of values of the amplitude ratios A2/A3, A4/A3 and A6/A3, respectively for an incident P-
wave and the Fig. 4(d)–(f) depict the corresponding ratios A2/A5, A4/A5 and A6/A5, respectively, for an incident SV-wave, in
terms of degree along horizontal axis. The elastic, thermoelastic (h→ 0) and thermoelastic (h→∞) cases are represented,
respectively, by solid (-), dotted (. . . ) and dash-dot (-.-) lines.
Finally,weobserve fromFig. 4(d)–(f) that the critical angle of incidence for elastic case is 23.67◦whereas for thermoelastic
case, it is 18.94◦.
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